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it follows that a0 is the value of Yn at the positive extremity or pole of the axis of Pn, and this value has been represented in the enunciation by Yn'.
290. Theorem III. Any function of the two angular coordinates of the radius vector can be expanded in a series of Laplace s functions, and the expansion can be made in only one way.
For a discussion of this important theorem we must refer the reader to the V   treatises on these functions.   It will suffice here if we consider how we may practically use the theorem in those simpler cases which generally occur in the theory of attraction.
Let us first suppose that the given function is an integral rational function of the direction cosines of the radius vector, i.e. of sin 6 cos 0, sin 0 sin 0, and cos 0. On transforming to Cartesian coordinates and multiplying each term by the proper power of r the function becomes an integral rational function of x, y, z, which we can arrange in a series of homogeneous functions. Taking any one of these, say fn (x, y, z), we shall show how it may be expanded in a series of spherical harmonics combined with powers of r. Thence (if it be necessary) we deduce the expansion in Laplace's functions by giving r any constant value.
Subtract from fn the expression («2+2/2 + 22)/n_2, where /n_2 is an arbitrary integral and rational function of (x, y, z) of the (n-2)th degree, viz.
Substituting V=fn~-(^Jry-Jrz-)fn^ in V2F, there results a homogeneous function of (x, y, z) of the (n - 2)th degree, which therefore contains as many terms as there are ways of making homogeneous products of x, y, z of that degree. But/w_2 is an arbitrary homogeneous function of the same degree and contains an equal number of terms. There are therefore just enough arbitrary constants AQ1 Al9 B1 &c. to enable us to make the coefficients of every term in V-F" equal to zero. Assuming that the linear equations thus formed to find A0, Al &c. are not inconsistent with each other, the expression/M ~ (%~ + y" + z2)fn-2~Sn satisfies Laplace's equation and is therefore a spherical harmonic.
Repeating this process with the function/n_2, we have
fn-,-(x* + y* + Z2)fn-4=Sn-^
and so on. We finally end with a constant or an expression of the first degree according as n is an even or odd integer.
Writing r2 for x- + y'2-\-z2 we have/n = Sn + r-Sw_2 + ri^7l_4+..., where Sn, Sn_2 &c. are all spherical harmonics. It should bo noticed that this equality is a mere algebraical transformation, and involves no assumptions as to the meaning of the letters.
If we now regard r as the radius of the unit sphere or any suitable sphere, Snt Sn_2 &c. become Laplace's functions, and the required expansion has been made.
When the function does not contain powers of x, y, z above the cube, this process will be unnecessary, for the arrangement in harmonics can then be generally performed at sight.                                                                                           yv*;
291. When the Cartesian equivalent of the given function is not an integral rational function of the coordinates, an expansion iu a finite number of terms cannot be obtained. We then proceed in another way. Assume that the expansion can be effected in a convergent series, say f(6, <f>) = Y0 -t-1\ + Y2+..., where Ynis a Laplace's

